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Introduction

The results presented are part of a work-in-progress paper by C.B., J. Fröhlich and
D. Ueltschi.
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Introduction

Phase transitions and symmetries

Symmetry: group of transformation that leaves the system unaltered.

Phase transition due to symmetry breaking: if T < Tc the system favours an
ordered state.

Continuous symmetries (e.g. U(1)) VS Discrete symmetries (e.g. Z2)

1

Figure: T < Tc

1

Figure: T > Tc
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Introduction

What about dimensions?

Mermin Wagner Theorem: no spontaneous breaking of a continuous symmetry
can happen at d ≤ 2 if T > 0.

N.B. This statement does not apply to discrete symmetries (e.g. Z2 symmetry in
the ferromagnetic Ising model).
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Introduction

Phase transitions and correlation functions

Study of the decay rate of the relevant correlation functions to study the
absence or presence of symmetry breaking.

Expected decay rate in d = 2: power law (no spontaneous symmetry
breaking!).
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On the decay of correlations in 2d quantum systems

A general setting

Our aim is to find a general setting for the relevant correlation functions to decay
algebraically, with a focus on quantum models on a 2d lattice. We will be
interested in systems with a U(1) symmetry.

We will show how this setting is fulfilled by a great variety of well studied
quantum systems.
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On the decay of correlations in 2d quantum systems

A general setting: lattice and operators

Λ

1

A

Λ

1

Finite lattice (Λ, E) with bounded perimeter constant γ:

γ = max
x∈Λ

max
`∈N

1

`
|{y ∈ Λ|d(x , y) = `}|

Maximal degree of the lattice:

∆ = max
x∈Λ
|{y ∈ Λ|d(x , y) = 1}|

Hilbert space HΛ (e.g. quantum spin systems: HΛ = ⊗x∈ΛC2S+1).
Space of bounded operators on HΛ: BΛ.
Local operators: BA ⊂ BΛ for A ⊂ Λ (e.g. quantum spin systems: given an
operator OA defined on ⊗x∈AC2S+1 it can be identified with
OΛ = OA ⊗ 1Λ\A)
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On the decay of correlations in 2d quantum systems

A general setting: interactions and Hamiltonian

Interaction Φ: collection of local operators {ΦA}A⊂Λ with ΦA ∈ BA for
A ⊂ Λ. Finite norm:

‖Φ‖ =
∑
r≥1

sup
x∈Λ

∑
A3x

diam(A)=r

r‖ΦA‖∞|A|4

Hamiltonian defined through the interaction:

HΛ =
∑
A⊂Λ

ΦA

Gibbs state:

〈a〉Λ =
1

ZΛ
Trae−βHΛ ZΛ = Tre−βHΛ

for any observable a on HΛ
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On the decay of correlations in 2d quantum systems

A general setting: U(1) symmetry

(Sx)x∈Λ local operators such that ‖Sx‖∞ = S ∀x ∈ Λ and:[
ΦA,

∑
x∈A

Sx

]
= 0

.

Correlation function: for any x , y in Λ local operator Oxy ∈ B{x,y} with
‖Oxy‖∞ not depending on x , y and such that

[Sx ,Oxy ] = − [Sy ,Oxy ] = cOxy

for some c ∈ R, for any x , y ∈ Λ.
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On the decay of correlations in 2d quantum systems

Decay of correlations

Theorem (C. B., J. Fröhlich, D. Ueltschi)

Let {ΦA}A⊂Λ, (Sx)x∈Λ, Oxy be as just described. Then:

|〈Oxy 〉| ≤ ‖Oxy‖∞e−ξ(x,y)

ξ(x , y) = sup
{θz}z∈Λ∈RΛ

θy=0

θx − 2βS2‖Φ‖
∑
〈u,v〉∈E

(θu − θv )2

 .

Moreover:

ξ(x , y) ≥ c2

16βγ2‖Φ‖S2
log(d(x , y) + 1)− C (β, ‖Φ‖,S , γ).
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On the decay of correlations in 2d quantum systems

What does it mean?

The theorem implies the following algebraic decay for the correlation function:

|〈Oxy 〉| ≤
const.

(d(x , y) + 1)
c2

16βγ2‖Φ‖S2

The power is proportional to 1
β and is uniform with respect to the size of the

lattice Λ.
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On the decay of correlations in 2d quantum systems

The proof relies on the so called Complex Rotation Method.

O. A. McBryan, T. Spencer, On the decay of correlations in SO(n)-symmetric
ferromagnets. Commun. Math. Phys. 53, 299-302 (1977).

T. Koma, H. Tasaki, Decay of Superconducting and Magnetic Correlations in
One- and Two-Dimensional Hubbard Models. Phys. Rev. Lett. 68, 3248
(1992).

J. Fröhlich, D. Ueltschi, Some properties of correlations of quantum lattice
systems in thermal equilibrium. Math. Phys. 56, 053302 (2015).
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Examples and Applications

Ex. 1 - SU(2) invariant spin system

HΛ = ⊗x∈ΛC2S+1

HΛ = −
∑
〈x,y〉∈E

2S∑
k=1

ck( ~Sx · ~Sy )k

with S ∈ 1
2N, ~S = (S1,S2,S3) spin-S matrices and S ix = S i ⊗Λ\x 1

Theorem (C.B., J. Fröhlich, D. Ueltschi)

For i = 1, 2, 3, we have

|〈S ixS iy 〉| ≤ C (d(x , y) + 1)−c1/β ,

where C is a constant depending only on S, β, γ, ∆ and c1 is given by

c1 =
(

256S2 γ2 ∆
∥∥∥ 2S∑
k=1

ck
(
~Sx · ~Sy

)∥∥∥
∞

)−1

.
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Examples and Applications

Ex. 2 - Hubbard Model

HΛ = ⊗x∈Λspan{0, ↑, ↓, ↑↓} ' ⊗x∈ΛC4

HΛ = −
∑
x,y∈Λ

∑
σ=↑,↓

txyc
†
σ,xcσ,y + V ({nσ,x})

where V ({nσ,x}) is a generic potential depending only on the total number of
particles of any possible spin per site.

We need the following to be finite:

τ =
∑
r≥1

max
x∈Λ

∑
y∈Λ,d(x,y)=r

r |txy |.
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Examples and Applications

Theorem (C.B., J. Fröhlich, D.Ueltschi)

The following bounds hold:

|〈c†↑,xc↓,xc
†
↓,yc↑,y 〉| ≤ C1 (d(x , y) + 1)−c1/β ,

|〈c†↑,xc
†
↓,xc↑,yc↓,y 〉| ≤ C2 (d(x , y) + 1)−c2/β ,

|〈c†σ,xcσ,y 〉| ≤ C3 (d(x , y) + 1)−c3/β ,

where σ ∈ {↑, ↓} in the last line. Here C1, C2, C3 depend only on β, txy , ∆, and
γ, and c1, c2, c3 are given by

c1 = (16
√

2γ2τ)−1, c2 = (256
√

2γ2τ)−1, c3 = (1024
√

2γ2τ)−1.

N.B. ‖Φ‖ <∞ only if τ <∞, which happens if txy ∼ d(x , y)−α with α > 3. This
is an improvement on Koma and Tasaki (1992) and Macris and Ruiz (1994).
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Examples and Applications

Other examples

t-J model: same correlations as for the Hubbard model

Random loops model: probability that two sites belong to the same loop
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Conclusions

We have shown:

Algebraic decay of correlation functions in U(1)-symmetric 2d quantum
systems.

Many possible relevant physical applications.

Future perspective:

Bosonic systems.
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Conclusions

Thank you!
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Proof of the Theorem - 1

Let {θy}y∈Λ ∈ RΛ be arbitrary real numbers for each site of the lattice. We
define

R =
∏
y∈Λ

eθySy .

To each subset A ⊂ Λ, we designate a special site x0 = x0(A) in A. We get:

RHΛR
−1 =

∑
A⊂Λ

e
∑

y∈A(θy−θx0(A))Sy ΦAe−
∑

y∈A(θy−θx0(A))Sy

= eTAΦAe−TA ,

where
TA =

∑
y∈A

(θy − θx0 )Sy .
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Proof of the Theorem - 2

Recall that ada(b) = [a, b]. By multicommutator expansion:

RHΛR
−1 =

∑
A⊂Λ

ΦA +
∑
j≥1

∑
A⊂Λ

1

j!
adj

TA
(ΦA)

= HΛ + B + C ,

where

B =
∑
j≥1

∑
A⊂Λ

1

(2j − 1)!
ad2j−1

TA
(ΦA)

and

C =
∑
j≥1

∑
A⊂Λ

1

(2j)!
ad2j

TA
(ΦA).

B contains the odd terms of the multicommutator expansion and is thus
anti-hermitian; C contains the even terms and is thus hermitian. Moreover;

eθxSx+θySyOxye−θxSx−θySy = ec(θx−θy )Oxy .
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Proof of the Theorem - 3

We now apply the Trotter formula and the Hölder inequality for matrices.∣∣Tr
[
O0xe−βHΛ

]∣∣ =
∣∣∣Tr
[
RO0xR

−1e−βRHΛR
−1
]∣∣∣

= ec(θ0−θx )
∣∣Tr
[
O0xe−βHΛ−βB−βC

]∣∣
≤ ec(θ0−θx ) lim

n→∞

∣∣∣Tr
[
O0x

(
e−

β
n HΛ e−

β
n Be−

β
n C
)n]∣∣∣

≤ ec(θ0−θx ) lim
n→∞

‖O0x‖∞‖ e−
β
n HΛ‖nn ‖e−

β
n B‖n∞ ‖e−

β
n C‖n∞.

Notice that ‖e−
β
n B‖∞ = 1 because B is anti-hermitian. Moreover, we have

‖e−
β
n HΛ‖nn = Tr

[
e−βHΛ

]
, so that

|〈O0x〉| ≤ ec(θx−θy )‖O0x‖eβ‖C‖.
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Proof of the Theorem - 4

‖C‖ ≤
∑
j≥1

∑
A⊂Λ

1

(2j)!
‖TA‖2j‖ΦA‖

≤
∑
j≥1

∑
A⊂Λ

(2)2j

(2j)!
‖S‖2j

∑
x,y∈A

|θx − θy |

2j

‖ΦA‖.

From now on, we will suppose that the fourth-power term (that is j = 2) is
negligible, and ignore it. Problem: how to handle the difference between
angles at different sites. For any y , z ∈ A,A ⊂ Λ we choose a path Γy ,z : a set
of edges linking the two sites (with minimal length). If we denote 〈u, v〉 a couple
of sites u and v which form an edge, we find:

|θy − θz | =
∣∣∣ ∑
〈u,v〉∈Γy,z

(θu − θv )
∣∣∣.

In this way, the difference between the phases at different and possibly distant
sites has been decomposed into the sum of differences between nearest-neighbours
sites along a path connecting the two.
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Proof of the Theorem -5

Notice that, given a sequence of N real numbers, an, n ∈ {1, . . . ,N} the following
relation holds: (

N∑
n=1

an

)2

≤ N
N∑

n=1

a2
n

‖C‖ ≤
∑
A⊂Λ

2‖S‖2‖ΦA‖ |A|2 diam(A)
∑
y ,z∈A

∑
〈u,v〉∈Γy,z

|θu − θv |2

=
∑
A⊂Λ

∑
y ,z∈Λ

∑
〈u,v〉∈E

1y ,z∈A1〈u,v〉∈Γy,z
2‖S‖2‖ΦA‖ |A|2 diam(A) |θu − θv |2

≤
∑
A⊂Λ

∑
y ,z∈Λ

∑
〈u,v〉∈E

1y ,z∈A1d(u,y)≤diam(A)2‖S‖2‖ΦA‖ |A|2 diam(A) |θu − θv |2

≤
∑
〈u,v〉∈E

|θu − θv |2 2‖S‖2
∑
r≥1

sup
y∈Λ

∑
A3y

diam(A)=r

‖ΦA‖|A|4diam(A)

=
∑
〈u,v〉∈E

|θu − θv |2 2‖S‖2‖Φ‖
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Proof of the Theorem - 6

We have proved:
|〈Oxy 〉| ≤ ‖Oxy‖∞e−ξ(x,y)

The logarithmic decay of ξ(x , y) is proved through a Taylor expansion, using the
following Ansatz:

θz =

{
K log

(
d(x,y)+1
d(x,z)+1

)
if d(x , z) ≤ d(x , y)

0 otherwise

for some K ∈ R.

Costanza Benassi (University of Warwick) Decay of Correlations in 2d Quantum Systems 8 February 2016 25 / 18



Example - t-J Model

HΛ = ⊗x∈Λspan{0, ↑, ↓, ↑↓} ' ⊗x∈ΛC4

HΛ = −t
∑
〈x,y〉∈E

∑
σ=↑,↓

c†σ,xcσ,y + J
∑
〈x,y〉∈E

(
~Sx · ~Sy −

1

4
nxny

)

with t, J ∈ R and S ix = 1
2

∑
µ,ν=↑,↓ c

†
µ,xσ

i
µ,νcν,x (here, σi are the Pauli matrices).
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Theorem (C.B., J. Fröhlich, D. Ueltschi)

The following bounds hold:

|〈c†↑,xc↓,xc
†
↓,yc↑,y 〉| ≤ C1(d(x , y) + 1)−c1/β ,

|〈c†↑,xc
†
↓,xc↑,yc↓,y 〉| ≤ C2(d(x , y) + 1)−c2/β ,

|〈c†σ,xcσ,y 〉| ≤ C3(d(x , y) + 1)−c3/β

where σ ∈ {↑, ↓} in the last line. Here C1, C2, C3 depend only on β, t, J, ∆ and
γ, and c1, c2, c3 are given by

c1 =

16∆γ2

∥∥∥∥∥∥−t
∑
σ=↑,↓

c†σ,xcσ,y +

(
~Sx · ~Sy −

1

4
nxny

)∥∥∥∥∥∥
∞

−1

,

c2 =

256∆γ2

∥∥∥∥∥∥−t
∑
σ=↑,↓

c†σ,xcσ,y + J

(
~Sx · ~Sy −

1

4
nxny

)∥∥∥∥∥∥
∞

−1

,

c3 =

1024∆γ2

∥∥∥∥∥∥−t
∑
σ=↑,↓

c†σ,xcσ,y + J

(
~Sx · ~Sy −

1

4
nxny

)∥∥∥∥∥∥
∞

−1

.
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Example - Random Loops Model

To each edge of the lattice (Λ, E) attach an interval [0, β] with periodic
boundary conditions.

Define a Poisson point process with two types of events: crosses (intensity u)
and bars (intensity 1− u), u ∈ [0, 1].

Λ

Λ

ββ

ρu probability measure, ω realisation, L(ω) set of loops in the realisation ω.

Partition function:

Z θΛ =

∫
Ω

θ|L(ω)|dρu(ω), θ = 2, 3, . . .

Relevant measure: (Z θΛ )−1θ|L(ω)|dρu(ω)

Picture from D. Ueltschi, Random loop representations for quantum spin systems. J. Math. Phys. 54, (2013).
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Theorem (C. Benassi, J. Fröhlich, D. Ueltschi)

Let θ = 2, 3, 4, . . . and u ∈ [0, 1]. Then we have

P(x ↔ y) ≤ C (d(x , y) + 1)−c1/β

where C and c1 are a constants depending only on θ, β, γ, u, ∆.

The proof is based on the fact that this random loops model can be mapped into
a U(1)-symmetric spin- θ−1

2 model.
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